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Receding Horizon Guidance Laws with No Information
on the Time-to-Go

Ki Baek Kim, Myung-Joon Kim, and Wook Hyun Kwon
Seoul National University, Seoul 151-742, Republic of Korea

In this paper a modi� ed optimal guidance law is proposed that does not use information on the time-to-go. The
proposed receding horizon guidance law (RHG) is based on the receding horizon strategy and optimal control
theory. In the presence of arbitrary target maneuvers and an initial lateral miss distance (MD) rate between the
target and the missile, the proposed RHG is shown to guarantee to keep the lateral MD less than the given value,
within which the warhead of the missile is detonated, from the appropriately selected time to the intercept time.
Through three simulationexamples the ability of the RHG to intercept the target is illustrated. The performance of
the RHG is compared with the optimalguidance law in terms of the terminal MD when the time-to-go is inaccurate,
and in terms of the lateral MD and the missile acceleration when the time-to-go is accurate.

I. Introduction

F OR practicalapplicationsof a missile guidancelaw, the propor-
tional navigationguidancelaw (PNG) has been widely used for

more than a few decades because its implementation is simple and
its cost is low. The PNG is known to be an optimal solution, which,
in the absenceof autopilot lags and targetmaneuvers,minimizes the
linear quadraticcost functionof the missile acceleration.1 However,
the PNG has a problem in that it cannot use information on future
targetmaneuversor on autopilotlags even if they are known.Hence,
the PNG requires large accelerations to intercept a target that ma-
neuvers arbitrarily2 and may fail to intercept the target when there
are autopilot lags.3
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To cope with the problem of the PNG, optimal guidance laws
(OGL) based on optimal control theory have been investigated
widely since the 1960s, despite the fact that the OGL requires more
measurement information than the PNG.3 ¡ 9 The performance of
the OGL is dependent on the estimation of the time-to-go, which is
commonlyapproximatedas the rangebetween the targetand missile
dividedby the closing velocity.Typically, the estimates of the range
and the closing velocity are obtained from radar or other ranging
devices. In reality,however, the data are contaminatedby noise from
radar-jammingdevicesor in the processingelectronics.This affects
accuracy in the estimation of the time-to-go, which then causes
errors in the terminal MD. For this reason, there has been some
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research on the exact estimation of the time-to-go where additional
measurement information and somewhat complicated algorithms
are required.10 ¡ 12 These approaches, however, do not work well
when measurement information is inaccurateor unavailable.There-
fore, a new guidance law is requiredthat does not use the time-to-go
but is still based on optimal control theory. To the author’s knowl-
edge, this type of guidance law has not previouslybeen investigated.

In this paper a modi� ed optimal guidance law is proposed,which
does not use the time-to-go but can handle autopilot lags and
bounded arbitrary future target maneuvers. The proposed guidance
law uses the receding horizon strategy,13 which will be called a re-
ceding horizon guidance law (RHG) in this paper. The proposed
RHG can intercept the target, keeping the lateral MD less than the
given value, within which the warhead of the missile is detonated,
from the appropriately selected time to the intercept time, even in
the presence of arbitrary target maneuvers and an initial lateral MD
rate. For convenience of analysis the assumption is made that the
autopilot has no lags because, although both RHG and OGL can be
designed to accommodate autopilot lags, it makes them very hard
to analyze in terms of the lateral MD. Through simulation, the per-
formance of the RHG is shown to be better than that of the OGL
when the time-to-go is inaccurate or unavailable.

In Sec. II, the RHG, which is based on optimal control theory but
does not use the time-to-go, is proposed. By using the navigation
constant and the cost horizon size, a missile with the RHG can
interceptthe target in the presenceof arbitrary targetmaneuvers and
an initial lateral MD rate. In Sec. III, through simulation, the ability
of the RHG to intercept the target is illustrated.The performanceof
the RHG is compared with that of the OGL in terms of MD and the
missile acceleration.Finally, conclusions are presented in Sec. IV.

II. RHG
The missile-target intercept model can be depicted as in Fig. 1,

where the following variables are de� ned: r is the line-of-sightan-
gle (LOS); r is the missile-to-target range (also known as the miss
distance); y is the lateral MD; At is the target acceleration;Vt is the
target velocity; Atn is the target normal acceleration;Vtn is the target
normal velocity; Am is the missile acceleration; Vm is the missile
velocity; Amn is the missile normal acceleration; Vmn is the missile
normal velocity; c m is the missile � ight-path angle; and c t is the
target � ight-path angle.

The missile-target intercept model in Fig. 1 is described by the
following nonlinear differential equations2:

Çr = Vm[q cos( h t ) ¡ cos( h m)], r Çr = Vm[q sin( h t ) ¡ sin( h m )]
(1)

where h t , h m , and q are de� ned by
h t = c t ¡ r , h m = c m ¡ r , q = Vt / Vm

Here, h m is the angle between missile velocity vector and LOS, h t

is the angle between target velocity vector and LOS, and q is the
target-to-missilevelocity ratio.

To proceed with the derivation, as shown in Refs. 3–6, and 8,
the assumption is made that LOS angle r ¼ 0, perturbation angles
D c m ¼ 0, D c t ¼ 0, velocities Vt and Vm are constant, and the au-
topilot has no lags. In this case, because Çy = Vt sin c t ¡ Vm sin c m ,
Amn = Vm Çc m cos c m0 , and Atn = Vt Çc t cos c 0 (Ref. 11), the dynamics
are expressed in terms of state variables normal to the reference:

ÇX = F X + B Amn + G Atn (2)

where

X = [ y

Çy] , F = [0 1

0 0] , B = [ 0

¡ 1] , G = [0

1]
The existing optimal guidance problem subject to the dynam-

ics (2) is to minimize
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Fig. 1 Intercept geometry.

J = * t f

0

A2
mn(t ) dt (3)

where

y(t f ) = 0

Here, t f is the � nal time to intercept the target. When the as-
sumption is made that the target is nonmaneuvering (i.e., Atn =0),
the OGL to the preceding problem is well known and is given as

Amn(t ) = (N / t 2
go)[y(t) + tgo Çy(t )] (4)

where tgo = t f ¡ t . Here, N is the navigation constant and tgo is the
time-to-go. As shown in Eq. (4), an estimate of the � nal time t f ,
i.e., the time-to-go tgo , is needed to calculate the gain of the OGL.

On the other hand, consider another guidance problem to
minimize

J = * t + T

t

A2
mn( s ) ds (5)

where

y(t + T ) = 0

Here, T is an adjustable design parameter that is irrespective of
the � nal time t f . We then propose the RHG, which is obtained from
the following procedure:

1) At the present time t the solutions for the optimal closed-loop
control Amn( s ) are obtained for 8 s 2 [t , t + T ), which minimizes
Eq. (5).

2) Among these controlsonly the � rst control Amn( s ) s = t is used.
3) At the next t the procedures 1) and 2) are repeated.
According to the preceding procedure, the proposed RHG is

given as
Amn(t ) = (N / T 2)[y(t ) + T Çy(t )]

= [N / T 2 N / T ]X (t) (6)

The preceding procedure is well known as the receding horizon
control scheme in control area. The receding horizon control has
received much attention in both academa13,14 and industry � elds15

because it has many advantages such as simple computation, good
tracking performance, I/O constraint handling, and extension to
nonlinear systems, compared with the steady-state linear quadratic
control.

The following theorem shows how the proposed RHG can inter-
cept the target even in the presence of arbitrary target maneuvers
and an initial lateral MD rate.

Theorem 1: Assume that the reference is aligned with the LOS at
initial time, i.e., y(0) =0, that the target is arbitrarily maneuvering
in the range of a positive constant a , i.e., j Atn(t ) j · a , and that the
initial lateral MD rate is in the range of a positive constant b , i.e.,
j Çy(0) j · b .

For any tD > 0 and RD > 0, the proposed RHG makes the lateral
MD y(t) satisfy the following relation:

j y(t ) j · RD for t ¸ tD (7)

if the following equation depending on N is satis� ed:
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where there always exist two free parameters N and T satisfying
these conditions.

The proof of Theorem 1 is given in Appendix A. Here, RD is
a lateral MD within which the missile can intercept the target. As
shown in Theorem 1, the RHG guarantees j y(t ) j · RD for t ¸ tD ,
whereas the OGL guarantees j y(t f ) j =0. tD is not the � nal time t f .
To intercept the target, the terminal MD does not need to be zero
because the warhead of the missile is detonated within RD by the
functionof a proximity fuse,which is used in most tacticalmissiles.
With the designedRHG the missile intercepts the target irrespective
of tgo only if the condition tD < t f is satis� ed, whereas with the
OGL the missile intercepts the target if tgo is accurate. A smaller tD

enables the missile to intercept the target in the presence of a larger
uncertainty of t f . However, too small tD would cause saturation of
the missile acceleration for a short time from the initial time if the
initial lateral MD rate b is large. The effect of the initial lateral MD
rate b decreasesexponentially,as shown in Eq. (B1) of Appendix B
as t increases.Thus, the effect of the target maneuveringdominates
the lateral MD as t increases.

The acceleration of the proposed RHG is bounded as follows:

j Amn(t ) j ·

ìïïïïïïï
í
ïïïïïïïî
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(9)

where K (t ), f1(t ), f2(t ), t ¤
a , and t ¤

b are de� ned in Eqs. (B2), (B4),
and (B5) of Appendix B, which gives the derivation of Eq. (9). As
shown in Eqs. (8) and (9), a large N gives a small tD but a large
acceleration,while a largeT givesa small accelerationbut a large tD .
Although we can always � nd the pair (N , T ) that satis� es Eqs. (8)
and (9) for any tD and RD , we consider the acceleration bound in
the selection of tD , N , and T for real application.

There are many sets of tD , N , and T that satisfy Eqs. (8) and (9).
In the following, we propose one of the ways to select tD , N , and T
suitably at the initial time t =0:

1) With measured r(0) and Çr(0) at t = 0, we obtain the � nal
time t f = ¡ r(0) / Çr(0). Because the target maneuvers arbitrarily and
measured r (0) and Çr (0) are not accurate, the � nal time t f is not
accurate. From the inaccurate t f , we select tD satisfying the condi-
tion tD < t ¤

f < t f where t ¤
f is a variable for an ef� cient iteration.

2) For the given RD and the selected tD , we can easily � nd a set
of the pair (N , T ) that satis� es Eq. (8) in Theorem 1.

3) For the selected set of the pair (N , T ), if Eq. (9) is not satis� ed,
we repeat the procedure2) and 3).

4) If we cannot � nd a set of the pair (N , T ) from the procedure
2) and 3), we change tD to tD = tD + (t ¤

f ¡ tD) /2 and repeat the
procedure 2)–4).

5) If we fail in the procedure 4), we change t ¤
f to t ¤

f = t ¤
f + (t f ¡

t ¤
f ) / 2 and repeat the procedure2)–5).

6) If we want to render the lateral MD below RD within a faster
time, we change t ¤

f and tD to t ¤
f = tD and tD = tD / 2, respectively,

and repeat the procedure 2)–6).
We can avoid the in� nite iterationby introducing� nite-loopcoun-

ters in each repetition of the procedure3)–6).

III. Computer Simulation
Through three simulation examples the ability of the RHG to

intercept the target is illustrated, and the performance of the RHG
is compared with the OGL. The data in Table 1 are used in each

Table 1 Parameters for simulation

Parameter Value

Vm Mach 2
Vt Mach 1
c t (0) 180 deg
r(0) 5000 ft

of the simulations, and the assumption is made that the missile can
intercept the target if the MD is less than 4 ft, measurements of y(t)
and Çy(t ) have no error, the future target acceleration is not known,
the initial time t = 0, the lateral MD y(0) =0, and the missile can
maneuver in the range of j Am (t) j ·30 g where g is the acceleration
caused by gravity.

A. Performance of RHG
In this simulation example Theorem 1 is illustrated.Assume that

the target is maneuvering as follows:

At (t ) = {10 g, 0 · t < 1

¡ 10 g, t ¸ 1

c m(0) = ¡ 1 deg, and the missile is not on a collision course, i.e.,
Çy(0) 6=0. From the assumption

j Atn(t) j · 10 g(= a )

j Çy(0) j = j Vt sin c t (0) ¡ Vm sin c m(0) j · 38.9 ft/s (= b )

Then, the RHG is designed to keep the lateral MD less than 4 ft
(= RD ) from tD to the intercept time by using the design procedure
of the preceding section for tD , T , and N .

First, we obtain t f = ¡ [r(0) / Çr(0)] ¼ 1.5 s, where r(0) and Çr(0)
are given in Table 1 and Eq. (1), respectively.We set tD and t ¤

f to 1
and 1.2 s, respectively.Then, for the given RD and the selected tD ,
the pair (N =4, T = 0.2 s) satis� es Eqs. (8) and (9) because

ȳ = 3.217 ft < 4 ft Āmn = 24.198 g < 30 g

where ȳ is de� ned as ȳ = tDe ¡ (2/ T ) tD b + T 2

4
a and Āmn is as Āmn =

4 b / T .
We repeat thedesignprocedure2)–6) for the selectionof a smaller

tD . Let t ¤
f and tD be 1.0 and 0.5 s, respectively.Then, the pair (N =4,

T =0.2 s) also satis� es Eqs. (8) and (9) because

ȳ = 3.346 ft Āmn = 24.198 g

We repeat the design procedure 2)–6) again. Let t ¤
f and tD be

0.5 and 0.25 s, respectively. Then, Eq. (8) is not satis� ed because
ȳ = 4.531 ft. If we change T as T =0.15 s, Eq. (8) is satis� ed
because ȳ =2.155 ft. However, Eq. (9) is not satis� ed because
Āmn =32.263 g. Here, we stop the design procedure because tD

is small enough to allow a large uncertainty of t f although we may
� nd a smaller tD than 0.5 s from the repeated trial.

From Theorem 1 we know that j y(t) j ·4 ft for t ¸ 0.5 s with the
pair (N = 4, T =0.2 s). Figure 2 shows that our purpose is satis� ed.
After about 1.5 s the MD r becomes smaller than 4 ft, i.e., the
missile intercepts the target. Values of N larger than 4, or values
of T smaller than 0.2 s, can render the lateral MD less than 4 ft.

Fig. 2 Miss normal distance.
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However, extremely large values of N and extremely small values
of T might causesaturationof theRHG and thus a failureto intercept
the target. In Fig. 2 the lateral MD y(t ) can be negative because it
is a relative distance between the target and the missile.

B. Comparison of RHG and OGL for Inaccurate Time-to-Go
In this simulation example the performance of the RHG is com-

pared with that of the OGL when tgo is inaccurate. Assume that
c m (0) = 0 deg, At (t ) = 10 g, N =3, T = 0.2 s, the missile is on a
collision course at initial time, i.e., Çy(0) =0, and at each time tgo is
computed by

tgo = ¡ r(t ) / Çr(t )

where tgo ¼ 1.5 s at initial time.
The tgo with estimation errors are modeled as follows:

t̂go = atgo + b

where a is a scale factor error and b is a bias error. This error model
can be found in Ref. 1. In the model the tgo is accurate when a = 1
and b = 0.

The terminal MD at t =1.5 s is shown when a =0.7 + 0.1 ¤
(k ¡ 1) in Fig. 3 and b = ¡ 0.15 + 0.05 ¤ (k ¡ 1) in Fig. 4 for k =
1, 2, . . . , 7. tgo is accurate when k = 4. The simulation results for
seven types of model errors are shown in Fig. 3 for each a when
b =0 and in Fig. 4 for each b when a = 1, respectively.As shown in
Figs. 3 and 4, as errors in tgo increase the performance of the OGL
degrades rapidly and the missile with the OGL fails to intercept the
target, whereas the performance of the RHG is not affected by tgo.
The failure to intercept the target occurs because the OGL is satu-
rated when the time-to-go has errors. The saturated feedback of the

Fig. 3 Effect of a scale factor error in tgo .

Fig. 4 Effect of a bias error in tgo .

OGL increasesthe terminalMD and then causesa failureto intercept
the target, even if the time-to-go is accurate near the � nal time t f .

C. Comparison of RHG and OGL for Accurate Time-to-Go
In this simulation example properties of the RHG and OGL are

comparedwhen the accurate tgo is given for the OGL. Parameters for
simulationare the same as those for the second simulationexample.
Simulation results are shown in Figs. 5 and 6. Both RHG and OGL
intercept the target near 1.5 s, which means that the RHG is not
conservativecompared with the OGL in terms of the intercept time.
As shown in Fig. 6, the RHG increasesrapidly from initial time until
T horizon and decreases slowly after T horizon, keeping the lateral
MD below RD for t ¸ tD . The OGL becomes larger and larger as the
missile approaches the target, making the terminal MD zero. The
OGL ignores the lateralMD before t f , even though it minimizes the
cost function (3) from t to t f , making the terminal MD zero.

The difference in performance between the RHG and the OGL
comes from the following. The RHG tries to render the lateral MD
zero after T horizon from the present time t . This trial is repeated
as the time t goes on. It causes a rapid change in y(t ), i.e., large
Çy(t ) and large missile acceleration, from initial time until T hori-
zon. Because Çy(t ) is decreasing and y(t) almost holds after tD , the
RHG decreases slowly. The OGL is inversely proportional to the
change in the time-to-go. As the missile gets closer to the target,
the time-to-godecreases and making the terminal MD zero requires
rapid change of y(t ) near t f . This causes the OGL to increase to a
large value near t f . Thus, if the time-to-go is inaccurate, there is a
higher probabilitythat the OGL will be saturated as the missile gets
closer to the target. As just noted, there has been some research on

Fig. 5 Miss normal distance of RHG and OGL.

Fig. 6 Guidance law of RHG and OGL.
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the accurate estimation of the time-to-go using additionalmeasure-
ment information and somewhat complicatedalgorithms.However,
additional measurement information can also be contaminated by
noise, and the time-to-go may not be estimated accurately in the
available sampling time. For some short-term missions, especially
for defensive weapons with limited capability for offense, tactical
missiles have only a short operation time within which the time-to-
go may not be estimated accuratelybecause of lack of computation
time.

IV. Conclusions
In this paper a new guidance law based on the receding horizon

strategy is proposed that does not use the time-to-go. In the pres-
ence of arbitrary target maneuvers and an initial lateral MD rate
between the target and the missile, the proposed RHG is shown to
keep the lateral MD from the appropriately selected time to the in-
tercept time less than the given value, within which the warhead of
the missile is detonated without the time-to-go, whereas the OGL
renders the terminal MD zero at the � nal time using the accurate
time-to-go.The proposedRHG interceptsthe targetby adjustingthe
navigation constant and the cost horizon size. Through simulation,
one can also see that the performanceof the RHG is better than the
OGL in terms of the terminal MD when the time-to-go is inaccurate
and that the RHG is not conservative compared with the OGL in
terms of the intercept time even when the time-to-go is accurate.

The performance of the OGL is dependent on the estimation of
the time-to-go, and thus the OGL has a computational burden for
estimating the time-to-go.For this reason the proposedRHG can be
an appropriate guidance law when the time-to-go is inaccurate or
unavailable,such as when the time-to-go cannot be estimated accu-
rately in the available sampling time. The concept of the RHG may
beappliednotonly to otherguidanceproblemssuchas strategicmis-
siles, missile midcourse guidance system, or underwater vehicles,
but also to guidance applications such as path planning of robots,
terrain avoidanceof aircraft, or docking of spacecraft.

Appendix A: Proof of Theorem 1
To prove Theorem 1, we change Eq. (2) with Eq. (6) into

ÇX = X + G Atn (A1)

where

X = [ y

Çy] , = [ 0 1
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We de� ne the state transition matrix of Eq. (A1) as U , then X (t )
is

X (t) = U (t )X (0) + * t

0

U (t ¡ s )G Atn( s ) d s (A3)

where

U (t ) = [ u 11(t ) u 12(t)
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The elements of U for each N are given as follows.
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The values Çy(0) and Atn(t ) affect y(t ) and Amn(t ) independently.
First, we consider the effect of Çy(0) under conditions such as

y(0) =0, Atn(t ) = 0 for 8 t , and j Çy(0) j · b . From Eq. (A3), because
y(t ) = u 12(t ) Çy(0),
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Second, we consider the effect of Atn(t ) under conditionssuch as
y(0) =0, Çy(0) = 0, and j Atn(t) j · a . From Eq. (A3), because
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From Eq. (A2) because k 1, k 2 < 0 and j k 1 j < j k 2 j , u 12(t ) ¸ 0, thus
from Eq. (A4),
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Therefore, when y(0) =0, j Çy(0) j · b , and j Atn(t ) j · a , the MD
is bounded as
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j y(t ) j ·

ìïïïïïïïï
í
ïïïïïïïïî

{ T
p

N (N ¡ 4)
exp[ ¡ N +

p
N (N ¡ 4)

2T
t] b +

T 2

N
a } for N > 4

[ te ¡ (2/ T )t b +
T 2

4
a ] for N = 4

[ 2T
p

N (4 ¡ N )
e ¡ (N / 2T )t b +

4T 2

N
p

N (4 ¡ N )
a ] for N < 4

(A5)

In Eq. (A5) the values of functions for N > 4 and N < 4 are
decreasing as t increases. The function for N =4 has a maximum
value when t = T / 2.

Appendix B: Derivation of Eq. (9)
From Eqs. (6) and (A3)

j Amn(t) j · A1
mn + A2

mn

where

A1
mn = ( N

T 2 ) j u 12(t ) Çy(0) + T u 22(t ) Çy(0) j

A2
mn =

N

T 2

ê
ê
ê
ê
* t

0

u 12(t ¡ s ) Atn( s ) + T u 22(t )Atn( s ) d s
ê
ê
ê
ê

t ¤
b =

T
p

N (N ¡ 4)

ì
í
î

[N +
p

N (N ¡ 4)]2
( a T ¡ N b ) + 2N b [N +

p
N (N ¡ 4)]

[N ¡
p

N (N ¡ 4)]2
( a T ¡ N b ) + 2N b [N ¡

p
N (N ¡ 4)]

ü
ý
þ

(B5)

First, we consider the effect of Çy(0) under conditions such as
y(0) =0, Atn(t ) = 0 for 8 t and j Çy(0) j · b . From Eq. (A3)

A1
mn ·

ìïïïï
í
ïïïïî

b j K (t ) j for N > 4

4 b

T 2
ê
ê (T ¡ t )e ¡ (2/ T )t ê

ê for N = 4

2N b

T
p

N (4 ¡ N )
e ¡ (N / 2T )t for N < 4

(B1)

where

K (t) = [N / 2TÏ N (N ¡ 4)[(2 ¡ N )(e k 1t ¡ e k 2 t )

+ Ï N (N ¡ 4)(e k 1t + e k 2t )] (B2)

Second, we consider the effect of Atn(t ) under conditionssuch as
y(0) =0, Çy(0) = 0, and j Atn(t ) j · a . From Eq. (A3)

A2
mn ·

ìïïïïïïïïïïïïï
í
ïïïïïïïïïïïïïî

f1( t ¤
a ) + f2(t ) for N > 4 and t ¸ t ¤

a

f3(t ) for N > 4 and 0 · t < t ¤
a

a [1 + 2e ¡ 2 + (1 ¡
2
T

t) e ¡ (2/ T )t] for N = 4 and t ¸ T

a [1 +
1
T

(2t ¡ T )e ¡ (2/ T )t] for N = 4 and 0 · t < T

4a
p

N (4 ¡ N )
[1 ¡ e ¡ (N /2T )t ] for N < 4

(B3)

where

f1(t ) = a [1 ¡ (e k 1 t + e k 2t ) +
N

p
N (N ¡ 4)

(e k 1 t ¡ e k 2t )]
f2(t ) =

a

2
¡

1

2
f1(t ), f3(t ) =

a

2
+

1

2
f1(t )

t ¤
a =

T
p

N (N ¡ 4) [ N ¡ 2 +
p

N (N ¡ 4)

N ¡ 2 ¡
p

N (N ¡ 4) ] (B4)

Here, t ¤
a satis� es K (t ¤

a ) =0, and implies that when ea =b, a =
b.
Now, from the preceding equations the upper bound of j Amn(t ) j

for each N are given as follows:
1) Case of N > 4:
When t ¸ t ¤

a , j Amn(t) j · ¡ b K (t) + f1(t ¤
a ) + f2(t ). Note that

f2(t) < 0 for t ¸ t ¤
a while ¡ b K (t ) ¸ 0 and f1(t ¤

a ) ¸ 0. Also note
that t ¤

b satis� es Çf2(t ¤
b ) ¡ b ÇK (t ¤

b ) =0 where

When 0 · t < t ¤
a , j Amn(t ) j · b K (t ) + f3(t ). Note that f3(t ) is a

monotonic increasing function because Çf3(t ) > 0 for 0 · t < t ¤
a .

From the preceding equations the upper bound of j Amn(t ) j for
N > 4 is given as

j Amn(t ) j ·

ìïï
í
ïïî

f1(t ¤
a ) for a ¸ a 1

max{N b / T , f1(t ¤
a )} for a 2 · a < a 1

max{N b / T , f1(t ¤
a ) + f2( t ¤

b ) ¡ b K ( t ¤
b )} for a < a 2

where

a 1 =
N b [N ¡ 2 +

p
N(N ¡ 4)]

T [N +
p

N(N ¡ 4)]
, a 2 =

N b [N ¡ 2 ¡
p

N(N ¡ 4)]
T [N ¡

p
N(N ¡ 4)]
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2) Case of N =4:

j Amn(t ) j ·{[1 + 2e ¡ 2]a for a ¸ 3b / T

4 b / T for a < 3b / T

3) Case of N < 4:

j Amn(t ) j ·
ìï
í
ïî

4 a
p

N (4 ¡ N )
for a ¸

N b

2T

2N b

T
p

N (4 ¡ N )
for a <

N b

2T

From 1)–3), when y(0) = 0, j Çy(0) j · b , and j Atn(t ) j · a , Eq. (9)
is satis� ed.
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